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Abstract. The bond-graph method is used for finding the equations which
describe the systems dynamics, by analysing the way of power transmission from
the source to the working elements. When the energy storage elements | and C are
in integral causality, the number of state equations equals the number of these
elements. If there are also energy storage elements in derivative causality, the
system contains a number of differential equations equal to the number of energy
storage elements in integral causality and a number of algebraic equations equal
to the number of energy storage elements in derivative causality. The work
presents a new method for finding the system of differential equations for
mechanical systems with one degree of freedom, starting from the original system
which contains both algebraic and differential equations.
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1. Introduction

The bond-graph method has been discovered by Henry Painter, who
wrote the first book about it (Paynter, 1961). The method had a very widespread
because of its simplicity and orientation more towards the engineering aspect
than to the mathematical tools, like Lagrange equations (Ibanescu and
Ungureanu, 2015). The method has been approached in many books and articles
such as (Karnopp, 1992; Pastravanu and lIbanescu, 2001; Borutzky, 2010;
Karnopp, 2012; Lagnier et al., 2016; Ibanescu, 2017). These and many others
are important contributions in the development of the method performances and
in the extension of its fields of application (mechanical, electrical, hydraulic,
magnetic etc.).

This paper presents a new path for obtaining the state equations in case
of a bond-graph model which contains inertial energy storage elements (I) in
differential causality.

2. Problem Presentation

When the bond-graph model contains only energy storage elements in
integral causality, the number of derived state equations is the same with the
number of these elements. When the model also contains energy storage elements
in derivative causality, the number of differential equations equals the number of
energy storage elements in integral causality and a number of algebraic equations
which is the same with the number of energy storage elements in derivative
causality. So, the resulted system of equations is an algebraic-differential one.
This system should be transformed into a system of differential equations, whose
number must coincide with the number of energy storage elements in integral
causality contained by the bond-graph model. The system of equations, under this
new form, could be easily numerically integrated.

The system of differential equations is usually obtained by differentiating
the algebraic equations and by substituting these derivatives in the system
differential equations. This system is put in its explicit form, in view of its
numerical integration.

The work presents a new possible method for deducing the differential
equations in case of mechanical systems with one degree of freedom. It presumes
the calculus of the kinematic energy of the entire system, instead of differentiating
the algebraic equations. As the system has a single degree of freedom, an
independent position parameter is chosen, which corresponds to the unique
element | in integral causality.

The kinematic energy is expressed only in terms of the chosen parameter,
by using the connection equations. Then, the Kinetic energy expression is
differentiated with respect to time. As the derivative of the kinetic energy with
respect to time equals the power, it can be point out that the derivative represents
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the product between an expression and the derivative of the independent position
parameter with respect to time.

The expression has units of measuring for forces [N], and it is called
inertia total force, if the position parameter is a linear displacement, or units of
measuring for moments [Nm], when the position parameter is an angular
displacement, and it is called inertia total moment.

On the other side, the differential equation, corresponding to the
derivative of the independent position parameter, obtained according to the bond-
graph method, will have in the left member, after substituting the derivatives of
the algebraic equations, exactly the expression of the inertial total force or of the
inertial total moment.

3. Study Case

A plane mechanical system with one degree of freedom is considered
(Fig. 1). It consists of a bar (2), of length 2l and mass M, pinned at one end to a
link box (1) of mass M; and a disk (3) of mass M and radius R.

Fig. 1 — The mechanical system.

The disk is rolling without slipping along a horizontal straight line.

The link box (1) is attached to a vertical spring, having the stiffness k and
it can move only along the vertical direction.

When the bar has a vertical position, the spring is unstressed, which
means that the elastic force is zero.

The single independent position parameter is angle ¢, between the bar
and the vertical direction.

The centroids of the component parts of the system are denoted by G1, G»
and Gs. For finding the bond-graph model, but also the kinetic energy expression,
the connection equations and their derivatives with respect to time are needed.
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Xg, =0
Yo, =R +2lcosg
Xs, =lsing
Ys, =R+lcosg
Xs, =2lsing
Ye, =R
Xs, =0
Yo, =—2lgsing
Xs, =lpcosp
Yo, =—lgsing
X, = 2lpcosg
sz =0

The system bond-graph model is presented in Fig.2.
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The following system of algebraic-differential equations is obtained for the bond-

graph model:
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Fig. 2 — The bond graph model.

To transform the Eq (13) into a differential equation, whose unknowns are ¢ and

qs the Eqg. (14), Eq. (15), Eq. (16), Eqg. (17), Eqg. (18) and Eg. (19) are
differentiated with respect to time.
It is obtained:



40 Radu Ibanescu and Mihaela Ibanescu

9sing , 3cosg .,

Pis=— YE Pro + | Pro (20)
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where, it has been considered that
¢——§—p 25
M2|2 10 - ( )

The derivatives are replaced in Eg. (13) and the following differential
equation is determined:

12M,

. 36M, 54M
P (4+ M . 2

. 18M .

2 3 2 2

sin“ @ +——=c0s“ @) = (— + )singcospp;, +

, M, M2I2 M2I? ¥ (26)

+M;92Isinp+ M,glsing +kg, 2lsing

The derivative with respect to time of Eq. (25) leads to:

. 3
p= —M2|2 P1o (27)

And from Eq. (25) and Eq. (27) it results:

M.IZ . . ML
2 Py =—2—¢. (28)

P = 3 () o =73

By substituting Eq. (28) in Eqg. (26), the following differential equation results:
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. 4 .. . .
(4Mllzsm2¢>+§M2I2 +6M,]% cos® )¢ + (4M, —6M,)1% sin pcos pp® =

(29)
=M,g2Isingp+M,glsing + kg, 2lsingp
The previous equation and the equation
¢, =-2lsinpg (30)

(which results from Eq. (14), by using Eq. (28)), represents a system of two
differential equations, where g is the spring elongation.

Another possibility of obtaining the left member of Eq. (28) consists in
computing the system kinetic energy and in its differentiation with respect to
time.

The system kinematic energy is:

1 1 1 1 1
E:EMlvé1+§M2vé2+EJ2a)22+EM3vé3+EJ3a)32 (31)

where Vg , Vg and v are the bodies 1, 2 and 3 center of mass velocities, o,
and w,are the bodies 2 and 3 angular velocities and

M, 12 M,R?

J, =

are their moments of inertia with respect to their center of mass.
From the Eq. (7), Eq. (8), Eg. (9), Eq. (10), Eq. (11) and Eq. (12) it is
obtained

Vg, =41%sin p ¢* (33)
vg, =1%9? (34)
Ve, =417 cos’ p ¢’ (35)

where ¢ is the angular velocity w,.
As the disk rolls without slipping, it results:
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— (36)

SO
, MPcos’p .,
w; —T .

After substitutions, the kinetic energy expression, in terms of ¢, results
in the following form:

(37)

E=2M1I25in2(p¢)2+§M2I2¢2+3M3I2cosz¢gb2 (38)

The derivative of the kinetic energy with respect to time is:

E =[(4M,I” —6M,I?)sinpcosp ¢* +

_ . (39)
(4M,12 sin? ¢+%M2I2 +6M,1? cos? o)l

The term in the bracket is a moment, according to the units of measuring,
and will be called inertia total moment, denoted M, , because it is originated from

the bond graph inertial elements. Eg. (39) can be written:
E=M,p (40)

The inertial total moment M, expression coincides with the left member
of Eg. (29).

If Eq. (13) is written so that in the left member to have only terms which
contain the derivatives of generalized momenta for all elements | of the system,
it is obtained:

oS

: . . . A . 2lc L.
Py + Pigl COS@ — Py 2lsing + pig2icosp + pig —plsing=

(41)
=M, g2Isinp+M,glsing + kg, 2lsing

The right member of Eq. (41) coincides with the right member of Eq.
(29). As the left member of Eq. (29) is quite the inertial total moment M, it

means that Eq. (41) could be written:

M, =M,;g2lsing + M,glsinp +kag, 2l sin ¢ (42)
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As a conclusion, by using the derivative with respect to time of the
system kinetic energy, from Eq. (13) written in the form of Eq. (41), the Eq. (29)
is much easily obtained. The calculus volume is much more reduced, because to
compute the derivatives of the dependent variables and to substitute them in Eqg.
(13) is more difficult than to compute the derivative of the kinetic energy which
leads to M, , that is the left member of the Eq. (41).

4, Conclusions

The bond-graph method for solving system dynamics problem leads to a
system of algebraic-differential equations when the model contains inertial
elements in derivative causality.

This system can be transformed into a system of only differential
equations, by differentiating the algebraic equations and substituting them in the
existing differential equations.

This operation presumes a great work volume.

The present paper proposes an easier method for obtaining the system of
differential equations in case of systems with one degree of freedom.

The method is based on the calculus of the system kinetic energy
derivative with respect to time.
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O METODA DE OBTINERE A ECUATIILOR DIFERENTIALE DIN BOND
GRAPHUL CARE CONTINE ELEMENETE INERTIALE iIN CAUZALITATE
DERIVATIVA

(Rezumat)

Metoda bond-graph este utilizatd pentru obtinerea ecuatiilor care descriu
dinamica sistemelor folosind analiza modului de transmitere a puterii de la sursa la
elementele finale. Dacd elementele stocatoare de energie, I si C, sunt in cauzalitate
integrald, atunci numirul de ecuatii de stare este egal cu numirul acestor elemente. Tn
cazul 1n care exista si elemente stocatoare de energie in cauzalitate derivativa, sistemul
de ecuatii care descrie dinamica sistemului dinamic, contine un numir de ecuatii
diferentiale egal cu numarul de elemente stocatoare de energie aflate in cauzalitate
integrald si un numar de ecuatii algebrice egal cu numarul elementelor stocatoare de
energie aflate in cauzalitate derivativd. Acest sistem de ecuatii diferentialo-algebrice
trebuie transformat intr-un sistem de ecuatii diferentiale. Lucrarea prezintd o noud metoda
de obtinere a acestui sistem de ecuatii diferentiale pentru sisteme mecanice cu un singur
grad de libertate.
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